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Abstract—A general finite-difference procedure for computing the behavior of compressible two-dimen-
sional boundary layers is presented together with a turbulence model which allows quantitative predictions
of the location and extent of the transition region between laminar and turbulent flow as it is influenced
by such disturbances as surface roughness and free-stream turbulence. Reverse transition, i.e. relaminari-
zation, caused by large favorable streamwise accelerations, is also quantitatively predicted by this pro-
cedure. The solution procedure depends upon the calculation of the streamwise development of a turbulent
mixing length whose magnitude is governed by the turbulence kinetic energy equation. A large number of
comparisons between predictions and measurements have been made and in general very good agreement
is obtained.

NOMENCLATURE k*, nondimensional  roughness
a, structural coefficients, equation height & ./(z/p)/v:
(10); k,, rms roughness héight ;
Cp specific heat at constant pres- L, dissipation length, equation (10);
sure; I8 mixing length, equation (10):
c,, skin friction coefficient 21,/p u?; P, pressure;
2, sublayer damping factor; Pr, laminar Prandtl number;
E, turbulent kinetic energy equation Prp, turbulent effective Prandtl num-
source term, equation (9); ber;
F, jl (L— pa/pi.)dn, stream func- 0, :g)t.al effective heat flux, equation
b :
tion variable; 7, total turbulent intensity, > 4+ 0’2
G {10 = TOUT® = T dn, stag- + W
’ 3¢ € ref/ = R,, Reynolds number based on 6
nation temperature defect integ- R,, turbulent Reynoldsnumber, v,/7;
ral; T°, stagnation temperature:
H, shape parameter 6*/6: Tress arbitrary reference temperature;
k, thermal conductivity; T free stream turbulence level
kr, turbulent effective thermal con- (@*/3)*/u, x 100;
ductivity; u, local streamwise velocity;
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—u'y', Reynolds turbulent effective
shear stress:

v, velocity normal to the stream:

X, streamwise length;

Y, height above the wall;

yt, nondimensional wall height,
WE/p).

Greek symbols

B. density ratio, p,/p:

¥ intermittency factor:

AZ,, incremental sublayer damping
factor due to roughness;

4, u = 0-99u, boundary-layer thick-
ness:

8", arbitrary thickness scale:

s, sublayer thickness;

Oins thermal boundary-layer thick-
ness:

€, turbulent dissipation:

1, nondimensional transverse dis-
tance, y/67*:

8, boundary-layer momentum
thickness:

K, von Karman constant:

i viscosity coefficient;

v, kinematic viscosity, ji, p:

Ve, turbulent effective kinematic vis-
cosity:

0, density;

shear stress;
integral thicknesses, equations

T,
d)!‘ (}‘)2, ¢3’

(12)-(14).
Subscripts
e, free stream value:
w, wall value.
Superscripts

fluctuating quantity;
o time mean value.

INTRODUCTION

WitH the advent of large high speed digital
computers it is now practical and. in view of the
generality of the resulting solutions, desirable in
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certain instances to solve the boundary-layer
partial differential equations of motion by a
direct numerical approach. Such a direct ap-
proach is particularly attractive for predicting
the behavior of transitional boundary layers
since the boundary-layer partial differential
equations can be similarly expressed for laminar,
transitional, and fully-turbulent boundary layers.
Consequently, one computer program can cal-
culate the required solutions if the appropriate
relationship between stress and rate of strain is
inserted. From an engineering point of view. it
seems that when the boundary-layer equations
are valid it is possible to predict either ¢he com-
pletely laminar or fully-turbulent boundary-
layer development to a satisfactory degree of
accuracy in a large number of flow situations of
practical interest [1]. However. in many flows,
such as the boundary-layer on a gas turbine
airfoil of moderate Reynolds numbers |2}, for
at least some part of the development the
boundary-layer is neither completely laminar
nor fully turbulent.

To date, there has been very little progress in
developing even simple semi-empirical theories
which can predict the location and mean flow
behaviourduring transition (e.g. [3]). Shortly
after starting this study the present authors
became aware of a similar approach taken by
Glushko [4] and later by Donaldson [5].
However, neither the work of Glushko nor that
of Donaldson has been developed into a
practical prediction system although Beckwith
and Bushnell [6] have indicated that perhaps
Glushko's approach could yield satisfactory
engineering predictions after a short develop-
ment period. More recently, Harris [7] has
computed the transitional behavior of certain
high Mach number boundary layers starting
from a known transition location and using
the suggestion of Dhawan and Narasimha [8]
to determine the extent of the transition region.
Harris' calculations showed a very encouraging
degree of agreement with the measurements:
however, as formulated, the approach has a very
heavy reliance on empirical information and
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cannot a priori predict the effect of disturbances
such as free-stream turbulence. At the time the
present study was commenced, little beyond
simple data correlations was available and the
aim was, therefore, to provide an improved
practical method of computing the development
of the boundary-layer mean flow during transi-
tion which could take into account boundary
conditions such as free-stream turbulence and
wall roughness.

THEORY

The basic equations

Within the framework of the usual boundary-
layer approximations, various authors, for ex-
ample Schubauer and Tchen [9], have reduced
the time-averaged Navier—Stokes equations to
the compressible boundary-layer equations of
motion. In the boundary-layer equations, it is
convenient to represent the turbulent stress
contribution to the total shear stress, 7, in terms
of an effective turbulent viscosity, vy, and the
turbulent temperature correlation contribution
to the total heat flux, Q, in terms of an effective
turbulent conductivity, k;, where

»

pvroujdy = —puv s kpdTjdy = —pCoT. (1)
The prime denotes a fluctuating quantity found
in turbulent flow and the bar denotes a time
mean-average. The effective turbulent conduc-
tivity is now related to the effective turbulent

viscosity by the introduction of the turbulent
Prandt] number defined by

Prp = Cppvr/ky. 2)

When the turbulent and molecular Prandtl
numbers are introduced and, in addition, the
usual assumptions are made that the contri-
butions from the longitudinal gradient of the
Reynolds normal stress and normal pressure
gradients are negligible, then for steady two-
dimensional flow the boundary-layer equations,
together with the continuity equation, may be
written in the form

_du Ju dp

_ _ of(_ _ .ou
Pu‘a—x‘*'PUE—- _Ey_¢+5}{(ﬂ+va)5};} 3)
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where the stagnation temperature T°, total
apparent stress 7, and total effective heat flux Q,
are defined as

T°= T+ #*/2C,, t = 1ou/dy — pu'v,
Q= koTjoy — pCy'T.  (6)

These equations are, of course, also valid for
laminar flow when all the turbulent correlations
are zero.

The wall and free-stream boundary conditions
employed in the solution are

y =0 pv = (pv),, T°= T, or 0Tj3y = 0
y— o pi = p,,, T°= T da/dy = 0,
0T%y =0

where the subscripts w and e denote the wall
and free-stream values, respectively.

In order to predict the development of the
mean velocity and temperature field it remains
to specify the effective turbulent viscosity and
turbulent Prandtl number in terms of the mean
flow variables and this is described in the follow-
ing section. The term pv is eliminated from the
momentum and energy equations by applica-
tion of the continuity equation.

The turbulence model

Derivation of the integral turbulence kinetic
energy equation. The basic turbulence model
used in the present work is described by
McDonald and Camarata [10] and in the
present note the extension required to compute
the development of two-dimensional compres-
sible transitional boundary layers is given. The
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turbulence model assumes the existence of a
well-behaved one parameter mixing length
profile normal to the wall and computes the
streamwise development of this mixing length
profile using an integral form of the turbulence
kinetic energy equation. In fully-turbulent flow,
this procedure was found to result in quite
accurate predictions of the boundary-layer
development.

The turbulence kinetic energy equation is
derived from the Navier-Stokes equations and
in compressible flow. this derivation has been
given by Favre [11]. After the introduction of
certain boundary-layer approximations which
restrict the use of this theory to nonhypersonic
boundary layers (Bradshaw [12]), the turbu-
lence kinetic energy equation can be integrated
with respect to y to yield

] )
1d | o [
2dx puq dy—f—puvgi—Jpedy
0
— | pw”? - v*)—dy + E (8)
ax
3]
where
@ =u’+o7+ W
1'7 _—dé o e 1"7’7
E—[Eq (pua—pv)—— v +2qu
1 s
—Ep’q v (9)

and e represents the sum of the turbulent dissi-
pation terms.

Following Townsend [13] and Bradshaw et
al. {12], structural scales a, and L are intro-
duced, together with mixing length /, and these
scales are defined as

—
asq

—uv')t = 10a/0y.

TV = 0,0 = a7 =
The structural coefficients aq, are generally
ascribed constant values independent of both x
and y. This point will be discussed subsequently,
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but, if for the moment, it is accepted and integral
parameters ¢,, ¢,, and ¢, are introduced,
equation (8) can be written

d ¢1pe 6 =3
d‘C(T) - peue(¢2 - d)3 + E) (1])
where

t
80

{ pa [ | ouju,
o= | () e

0

(12)

+

3;0
_ P Oufu, B
I TR
i)

+
310
p(a, —ay\/ | dufu\* & ou
& J /Z( a, ><5+ 6n~> ueé’xd 7 (19)
0

where 5 is a nondimensional transverse distance
/6t (6" is arbitrary) and & is the boundary-
layer thickness. Equation (11) without the
normal stress term ¢, and E was used by
McDonald and Camarata [10] to compute the
downstream development of the mixing length I.

In equation (11), ¢, is termed the convection
integral, ¢, the net production integral, and ¢,
the normal stress production integral. The
definition of turbulence scales a,, [, and L, only
becomes questionable when restrictions are
placed on the relationship of the scales to the
other flow variables. The required, and it is
thought plausible, relationships between the
turbulence scales and the mean flow variables
are now introduced. This process is greatly
facilitated by introducing an hypothesis put
forth by Morkovin [14], who suggested that,
provided the fluctuation in Mach number
remains small (which is true for free-stream
Mach numbers below about 5 [12, 14]), the
structure of turbulence remains essentially un-
altered by the fluid compressibility. On the basis
of this hypothesis, it is permissible to attribute
incompressible values to the structural scales
defined by equation (10). These structural scales
are now considered in detail.
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The dissipation length scale L. The definition of
a turbulence length scale L in the manner given
by equation (10) is based upon the results of
isotropic turbulence. Past experience in shear
flows leads one to expect that this scale would be
reasonably constant in a boundary layer when
expressed as a fraction of the overall boundary-
layer thickness. An empirical fit to Bradshaw,
et al’s measurements [15] of L is given by
McDonald and Camarata [10] as

L = 01 6 tanh [xy/(-18)] (15)

and x is the von Kdrmdn constant, taken as
0-43 throughout the present study. Within the
viscous sublayer both the dissipation length L
and the mixing length ! are scaled by a damping
factor 2 which will be discussed in detail sub-
sequently. Outside the sublayer equation (15)
has been used throughout, even for transitional
boundary layers. The justification for taking an
expression appropriate to a fully-developed
turbulent boundary-layer to describe the dissi-
pation length scale of transitional turbulence
resides in the turbulence kinetic energy equation,
equation (11), where it can be seen that, in the
very early stages of transition when the Reynolds
stress is still small, it follows that /, the mixing
length, will also be small and, consequently, the
net production integral ¢, will be insensitive to
the precise value of the dissipation length L,
provided that L is not also small in this region.
It is. of course. unlikely that transitional
turbulence, being a weak low frequency distur-
bance, could have a small dissipation length
scale, since a small dissipation length scale (i.e.
large dissipation) is usually associated with a
high frequency fluctuation.

The mixing length 1. Turning to the mixing
length | defined by equation (10), McDonald
and Camarata [10] pointed out that, on the
basis of the experimental evidence, the mixing
length distribution across turbulent boundary
layers could be expressed as a one parameter
family

/6 =1,/ tanh(xy/l ). (16)
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For equilibrium boundary layers, [,/ has a
value near 0-09, but for nonequilibrium boundary
layers I,/d varies in the streamwise direction
(Goldberg[16]).Insofar as transitional boundary
layers are concerned there is little available in
the way of measurements to provide guidance
and. consequently, equation (16) was used even
in the transitional region. As mentioned pre-
viously, within the viscous sublayer the mixing
length is scaled by the damping factor 9 which
will be described in detail subsequently.

When further information becomes available,
more sophisticated n-parameter mixing length
profiles can be introduced, requiring additional
n-1 equations, which could certainly be obtained
by taking integral moments of the turbulence
kinetic energy equation. It is, however, a very
convenient feature of equation (16) that, since
the mixing length profile is specified in terms of
a single additional parameter I, only one
additional equation, the integral turbulence
kinetic energy equation, is required to describe
the streamwise development of the turbulent
shear stress.

The sublayer damping factor 2. It is well
known that within the viscous sublayer (say,
y* < 50, where y* = y./(t/p)V) the mixing
length (and the dissipation length) go to zero as
the wall is approached (see [ 17]). To model this
effect the assumed mixing length profiles are
scaled by a damping factor 2(y™*). Various sug-
gestions for this damping factor have been made
(e.g- [17]) and the one used in the present note
is based upon the notion that the flow in the
viscous sublayer is only intermittently fully
tubulent (with ! = ky for instance, holding within
the turbulent bursts). If it is then assumed that
the mean flow gradient du/dy is the same within
and outside the turbulent patches, it can be
argued that

—u'v' = y(—uV)p = y(10ia/Oy); = yI3(0i/dy)?
=(l,01/0yD)* 17

where 7 is the intermittency factor and the
subscript ‘T” refers to the fully-turbulent patches.
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It follows from equation (17) that the conven-
tionally defined damping factor 2, is simply the
square root of the intermittency factor 7. In the
present note, it is assumed that the damping is
distributed normally around some mean height
y* (=23 with a standard deviation o(=8.),
resulting in a smooth wall damping factor given

by 7, = PHy* — 7o) (18)

where P is the normal probability function.
Excellent agreement with measured smooth
wall sublayer mean velocity profiles is obtained
using equation (18). In the present analysis y*
is based upon a local stress; however, the damp-
ing was not allowed to decrease once a maximum
value was achieved.

The effect of wall roughness on the turbulent
boundary-layer has long been recognized as
resulting mainly in a decrease in the additive
constant of the law of the wall, leaving the fully-
turbulent part of the motion largely unaltered.
Van Driest [17] suggested that this effect could
be modelled by progressively eliminating the
sublayer damping as the roughness height is
increased. However, a direct application of Van
Driest’s suggestion does not permit the additive
constant to decrease further once the sublayer
has been eradicated by a sufficiently large rough-
ness height (k* > 60, where k™ = k,/(1/p)/¥
and k, is the rms roughness height) in conflict
with the experimental evidence. This deficiency
is readily removed by allowing damping factors
in excess of unity and it was found that an
incremental damping factor due to roughness,
APy where A%y is given by

ADy = (1. + k*/30.y")-exp(—2-3 y* /k™)

and 2 = 2, + AP resulted in very good
agreement between predicted and measured
additive constants up to roughness heights of
order k™ = 10*. Equation (19) was the sole
means of introducing the effect of roughness
into the prediction procedure.

The structural coefficients a_. The calculations
presented in the present note are not at all
sensitive to the assumed values of a, and a,

(19)
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(see equation (10)). The fully turbulent flow
values for these coefficients of 0-5 and 02
(Bradshaw [15]: McDonald and Camarata [10])
were, consequently, used throughout. It would
be expected that the coefficient a, (in the sub-
sequent discussion the subscript ‘1’ is dropped)
would vary both with the applied strain du/dy
and, based on the experimental evidence of the
viscous sublayer, with the refative stress level
It is, of course, to be expected that @ would vary
with the applied strain since in isotropic turbu-
lence ¢ii/dy is zero and so is the Reynolds shear
stress. The departure of the Reynolds shear
stress from zero and the growth of a is associated
with alignment of the structure under the action
of the applied strain. On the basis of the measured
response of isotropic turbulence to applied
strain it is thought that, in the absence of any
viscous effects, the adjustments of a to its fully-
strained value would occur much faster than
transition to turbulent flow. Initial calculations,
therefore, used a fully-strained value of a = 0-15,
however, it soon became apparent that plausible
transition regions required a much lower value
for a. The departure of a from the fully-turbulent
value was ascribed solely to the action of
viscosity and to quantify this relationship it is
necessary to introduce an appropriate Reynolds
number, R,. If, in the definition of this Reynolds
number, R,, the velocity scale is taken as the
square root of the Reynolds stress, —u't", and
the length scale as the conventional mixing
length, then the turbulence Reynolds number.
R,, is simply the ratio of turbulent contribution
to the apparent viscosity, v;. to the actual
viscosity of the fluid, ¥, i.c.

a =f(R) = f(v/9).

To simplify the solution of the turbulence kinetic
energy equation, equation (11), at a given
streamwise location a layer-averaged value of
R. R, is used, and defined in straightforward
manner as

(20)

8 5
— 1 {_ o (_
R,—vaTdy”/ CTSJ vdy

0 8}

(21)
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where &, the sublayer thickness, is defined as the
location at which the laminar stress has fallen to
4 per cent of the total stress. In this way the
viscosity in the definition of the turbulence
Reynolds number is taken to be the average
viscosity in the region where viscosity could
influence the mean flow development. Several
alternate definitions of the turbulence Reynolds
number were examined and the predictions
were not found to be critically dependent on the
choice of definition. Assuming the turbulence
Reynolds number R, is the sole variable influen-
cing the structural coefficient a, then it is only
necessary to derive the relationship between the
two parameters for one set of flow conditions
to have it hold for all flow conditions. Based
upon observation of the incompressible constant
pressure flat plate equilibrium turbulent
boundary-layer, it is readily ascertained that in
the turbulence kinetic energy equation ¢;, E,
and the streamwise derivative of ¢, are negligible
for this flow, resulting in a reduced turbulence
kinetic energy equation which can be written as
a Bernoulli equation

d (In a)/dR,= f(Rg)+ g(Ry).a
with f = dIn 6/dRy, g = —4¢,0/ReC ;5

(22)

where C, is the skin friction coefficient and for
convenience the independent variable has been
changed from the streamwise distance x to the
Reynolds number based on momentum thick-
ness using the momentum integral equation. The
arbitrary scale length 6 has been taken as the
boundary-layer thickness 4. Equation (22) has
the solution

a=[expffdR,)/[[C—[gexp(fdRydR,]

which, upon specification of the relationship
between R, f, g, and R, for the equilibrium flat
plate boundary-layer, provides the required
general relationship between a and R,. Taking
f(R,) first, it is noted that the reasonable
assumption that 8/6 does not vary greatly with
momentum thickness Reynolds number gives
f as 1/R,. Furthermore, the group of terms

23)
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4¢,0/(C;¢,0) was evaluated by numerically
integrating the profiles of Maise and McDonald
[19] and for a wide range of Reynolds numbers
(these results also verified the neglect of the
streamwise derivative of ¢, in deriving equation
(23)). It was found that the grouping 4¢,0/
(C;¢,8) was sensibly constant with a mean
value of 6-66, giving g = —6-66/R,. With these
relationships for f and g, equation (23} reduces
to

a = ag(Ry/Ry,)/[1' + 6:666a4(Re/R,, — 1)] (24)

where a,, is the value of a at a specified Reynolds
number R,,. It is observed for large R,/R,, that
equation (24) asymptotes out to give a = 0-15,
the expected value. To change independent
variables from R, toR,, once again recourse is
made to the profiles of Maise and McDonald
[18] which integrate to yield for the higher
Reynolds number range
Ry, = 681 R, + 6143

R.>40. (25)

Little information is available on the R, — R,
relationship at low R,. On the basis of trial and
error it was found that

R, = 100.R%22 R <1 (26)
gave excellent results, and, in the intermediate
zone between the two regimes, a simple cubic
was constructed to match value and slope at the
join points. Finally, on the basis of a comparison
between theory and experiment, the constant of
integration in equation (24) was selected and
resulted in a value for a, of 0012 at a R_ of
unity. For all of the calculations presented in
the present note, the foregoing relationships
were fixed and not allowed to change from flow
to flow,

Method of solution

The first step in transforming the partial
differential equations to a form more convenient
for computer solution was to introduce the
following new variables
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n= Y/5+,F'('I) =10 — El_l/ﬁeae’
G’(V’):(TPO“ TO)/(T?, ~Tref)v B = ﬁe/ﬁ

where the prime denotes differentiation with
respect to n. The resulting momentum and energy
equations are third order in F(y) and G(y),
respectively. The scaling of y by the thickness 6*
allows the use of a fixed » grid normal to the wall.
The chosen definition of F'(5) in the form of a
stream function allows easy introduction of the
continuity equation. The equations were then
reduced to ordinary differential equations nor-
mal to the wall by use of the Hartree—Womersley
(see [19]) approach of replacing initially the x
derivatives by finite differences. The resulting
third order ordinary differential equations for
F(n) and G(n) are linearized and each solved by
implicit ‘Gaussian elimination at the desired
streamwise location, using the boundary con-
ditions specified by equation (7). The nonlinear
terms in the equations are then iteratively up-
dated and the momentum and energy equations
resolved until the wall stress and wall heat flux
(or wall temperature if an adiabatic wall con-
dition is specified) do not change within some
specified tolerance. At this point the solution
procedure is repeated at next streamwise loca-
tion.

(27)

The role of free-stream turbulence and related

topics

Free-stream turbulence is seen to provide a
small source term E in the turbulence kinetic
energy equation which starts the transition
process. Items such as wall roughness, trans-
piration, etc., by changing the turbulence pro-
duction mechanisms within the boundary-layer,
alter the magnitude of the Reynolds stress at a
given streamwise location, and hence move the
transition region. One aspect of the effect of
roughness missing from the present analysis is
its effect on the laminar boundary-layer. How-
ever, experimentally, little effect of roughness on
the laminar boundary-layer is observed pro-
viding the roughness height is less than about
half the boundary-layer displacement thickness.

H. McDONALD and R. W. FISH

In the source term E, equation (9), usually only
the g7 term has any real contribution. However,
since it is well-known that energy can usually
only be exchanged between waves of similar
frequencies, it is to be expected that the frequency
as well as the intensity of the free-stream
turbulence would have an influence on the transi-
tion region. Consequently, in applying equation
(9) the turbulence intensity should be interpreted
as the intensity of “active” free-stream turbu-
lence; that is, the free-stream turbulence made
up largely of frequencies similar to those expected
in the boundary-layer turbulent shear stress
spectrum. In the calculations performed to date.
the “active” free-stream turbulence has been
taken as the nominal value quoted by the
experimentor with one exception which is
pointed out.

In cases where the local free stream velocity
is changing and the free stream turbulence is
quoted at only one streamwise location, the
additional assumption of frozen turbulence is
made to enable the development of the source
term E to be computed. Simply stated frozen
turbulence assumes that the absolute fluctuation
level remains unaltered by a change in the free
stream velocity. This assumption should be
reasonable for flows where the free stream
changes occur rapidly and the mean flow trans-
verse gradients are small.

COMPARISON WITH EXPERIMENTS

Since the turbulence model used herein
reduces to the method of Spalding and Patankar
[20], including the value of empirical constants,
when the upstream history effect is negligible,
the results from the present method are at least
as accurate as those computed by Spalding
and Patankar for fully-developed near equi-
librium boundary layers. The comparisons
presented herein demonstrate the additional
capability of present procedure to predict the
location, extent, and behavior of a variety of
transitional flows. In related studies, Shamroth
and McDonald [21] compare the transitional
predictions from the present analysis with
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measurements at low hypersonic speeds, while
Briley and McDonald [22] have applied the
present analysis to transitional separation
bubbles.

Effect of free-stream turbulence

In Fig. 1 the measured displacement thickness
Reynolds numbers at transition with varying
free-stream turbulence levels from a wide range
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FiG. 1. Effect of free-stream turbulence upon the transition
Reynolds number.

of experiments are shown compared with the
predictions of the present analysis. Insofar as
the analysis is concerned, the transition point
is defined as the minimum skin friction location
and all the calculations were initiated from a
front stagnation point. Once the immediate
stagnation region was negotiated, the turbulence
kinetic energy equation was integrated in colla-
boration with the streamwise momentum equa-
tion. At the first streamwise station a mixing
length of 000016 was assumed to initiate the
calculation. The transition location is quite
insensitive to this initial value provided it is
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small and nonzero. In Fig. 2 the measured
incremental Reynolds numbers from the begin-
ning to the end of transition are shown plotted
against the transition Reynolds number, the

Coles (|954d) ;Iaf plate s =) | 37—4|-5;1 w
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Fi1G. 2. Variation of transition length with transition
Reynolds number.

data being reproduced from Dhawan and
Narasimha [8]. The experimental definition of
the beginning and end of transition used by
Dhawan and Narasimha is not clear. Also
shown in Fig. 2 are the incremental Reynolds
numbers obtained from the predictions of the
effect of free-stream turbulence used to construct
Fig. 1. To obtain thé predicted increments the
skin friction was plotted against Reynolds
number and in the transition zone a straight line
approximation made to the skin friction curve.
Intersection of this straight line with the laminar
and turbulent lines defined the beginning and
end of transition. Although the scatter in the
data is considerable, the predicted trend and
level obviously quite reasonable. In Fig. 3 a
comparison with the measured Stanton numbers
of Reynolds et al. [24], is shown and excellent
agreement demonstrated. In Fig. 4 a detailed
comparison with the measured transitional
mean velocity profiles of Schubauer and
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F1G. 4. Comparison between measured and predicted mean
velocity profiles during transition.

but this should not significantly affect the
validity of the comparison with the subsequently
developed mean velocity profiles during transi-
tion.

Effect of wall roughness
In Fig. 5 a comparison is presented between
Feindt’s [ 32] measurements and the predictions

the displacement thickness at tranmsition. In
Fig. 6 a detailed comparison between the
measured and predicted mean velocity profiles
for a particular transitional boundary layer
measured by Feindt is presented. All the rough-
ness calculations were made using a value of
0-75 per cent for the free-stream turbulence and
all were started from a front stagnation point.
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The roughness was

introduced once the O @ Present transitional theory

immediate stagnation region was negotiated. e Tl Turoutent
€ o ZA:;?Q%%T?TS of Herring ref 34]
Effect of large streamwise acceleration 2 O Measurements of Launder ref fssl
The effect of a large streamwise acceleration g Qa0 Messurements of Baar: ;g{ﬂ%ﬂ
upon a turbulent boundary-layer has been go® w oryenen
studied both experimentally and theoretically § ,; K. \
by a number of investigators, for example, §§103 S R
Launder and Jones [33]. There can now be gE \.\ N
little doubt that a sufficiently large favorable =+ Ny o
streamwise velocity gradient (say, K ~ 1075, 2 ro_ © \\
where K = v, /u? dU,/dx), imposed for a suffi- \, .
cient period of the flow development, will cause * N X
a turbulent boundary-layer to become very N
laminar-like in appearance. Launder and Jones 10° - : .
107 0™ 10

[33] point out that the self-preserving so-called
“sink flow” boundary-layers obtained by im-
posing a constant value of K on the flow form
a very convenient family of flows with which to
investigate the relaminarization phenomenon.
In both laminar and turbulent flow the “sink
flow” boundary layers are characterized by a
self-preserving mean velocity profile shape and a
constant value of the momentum thickness
Reynolds number. In Fig. 7 the completely
laminar and fully-turbulent “sink flow”
boundary-layer momentum thickness Reynolds
number are presented as a function of the
acceleration parameter K. The fully-turbulent
line was computed using a constant outer layer

Streamwise acceleration, A = u/U,z au, /adXx

F1G. 7. Comparison between predictions and measurements
for the ‘“‘sink flow” boundary-layer Reynolds number.

mixing length of 0-094. Also shown in Fig. 7 is the
computed variation according to the present
study and a gradual departure from the turbulent
line is observed when K is greater than about
1078 The experimental data collected by
Launder and Jones [33] are also shown in Fig. 7.
In Fig. 8 a comparison is presented between a
measured boundary-layer growing on a nozzle
wall (Nash-Weber [38]) and the predictions of
the present analysis. Once again the improvement
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of the present prediction over a fully-turbulent
constant mixing layer calculation is demon-
strated.

©  Measurments of Nash- Webber ref [38]
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Fi1G. 8. A comparison between predictions and measurements
for a superonic nozzle.

Transition on a turbine airfoil

Turner [2] has made measurements of the
heat transfer distribution on a typical turbine
airfoil with three free-stream turbulence levels.
and noted some very substantial effects. To
compare with Turner’s data in Figs. 9 and 10 it
was necesrary to estimate the stream velocity
upon which the quoted free-stream turbulence
levels were based. This entailed running a
potential flow calculation for Turner’s cascade
to compute the entrance plane mid-channel
velocity. Considering the uncertainties in deter-
mining the reference velocity in this manner and

H. McDONALD and R. W. FISH

the inherent errors in the measurement of free-
stream turbulence, a difference of + 30 per cent
between the free-stream turbulence level used in
the present predictions and the actual value for
the experiments is not unreasonable. Further-
more, in view of the fine balance between

240
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FiG, 9. Heat-transfer distribution on the pressure side of a
turbine airfoil.
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F1G. 10. Heat-transfer distribution on the suction side of a
turbine airfoil.

streamwise acceleration and transition, the
calculations are quite sensitive to the imposed
pressure distribution. Consequently. any quanti-
tative evaluation of the comparisons between
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the present predictions and experiment must be
viewed with caution. Lastly, it is worth remem-
bering that unless some special ad hoc procedure
were constructed, conventional prediction
methods would give either the completely
laminar or fully-turbulent heat transfer distri-
bution and to bridge the gap a great deal of
intuition and previous experience would be
required.

DISCUSSION

It was previously argued that in the very
initial stages of transition the integral turbulence
kinetic energy equation reduced to turbulence
advection being approximately equal to turbu-
lence production. To provide some further
insight into the transition process, the crude
assumption can be made that the local Reynolds
stress terms in such a reduced energy equation
may be replaced by y-averaged values. Thus,
with the assumption of incompressible flow
with a constant free-stream velocity, the turbu-
lence kinetic energy equation can be written

1 —
o R BIE WY
The implication of equation (28) is that, given a
disturbance field, such as free-stream turbulence,
which is capable of producing some turbulent
shear stress within the boundary-layer, then the
turbulence intensity will not increase in the
streamwise direction so long as the boundary-
layer grows sufficiently rapidly to absorb the
newly produced turbulence. However, it is well-
known from momentum considerations that, in
the absence of a streamwise pressure gradient,
the rate of boundary-layer growth decreases
withincreasing Reynolds number. Consequently,
at some Reynolds number the boundary-layer
growth cannot absorb the newly produced
turbulence, and so in order to maintain the
integral energy balance the turbulence intensity
increases in the streamwise direction and the
transition process begins.

Thus far, no mention has been made of the
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relationship of the present work to stability
theory. A formal relationship must, of course,
exist, since the complete turbulence kinetic
energy equation governs both the wave motion
of stability theory and the developing turbulence.
Using stability theory to predict transition is an
effort to extrapolate forward from laminar flow
into turbulent flow. The present approach is to
predict transition by extrapolating backwards
from turbulent flow. It is hardly surprising
that the present state of the art is such that
neither approach can properly be made to
overlap. Neither approach has sufficient detail
of the flow structure to follow the development
of a simple wave into turbulence. The philosophy
of the present approach is based upon the belief
that in a large number of practical situations the
development of simple unstable waves into
turbulence occurs rapidly and the real question
of transition concerns the advection—production
balance of the turbulence. There seems little
doubt that given the terms of reference of the
present authors. which was to develop a practical
method of calculating the position and mean
flow development during transition, the ap-
proach adopted in the present note has proven
much more rewarding than could have been
optimistically expected from stability theory.

As an additional point, it should be recalled
that, in certain carefully controlled laboratory
experiments, it has been observed that, in the
very initial stages, transition is a very well-
organized three-dimensional phenomenon.
Obviously, the use of a two-dimensional
approach like the present method (albeit
assuming a three-dimensional turbulence struc-
ture) must be questioned when regular spanwise
variations are observed in the flow. However, it
is noted that first that the mean flow usually is
unaffected by the transition process at this
early stage, and second the spanwise variations
are usually only observed when the disturbance
field is very weak. Generally speaking, in most
practical environments the spanwise variations
are either not observed, or occur over such a
short streamwise extent as to be negligible. In
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any event, the present two-dimensional approach
can be regarded as providing a spanwise
averaged description of the transition process.

Asafinal remark, it is observed that the present
approach places little emphasis on the frequency
of the disturbance and only the mean disturbance
energy is considered important. This is obviously
an oversimplification in certain instances. How-
ever, it is noted experimentally that, for instance,
when the free-stream turbulence intensities are
greater than about 0-25 per cent, the resulting
transition locations from a wide range of
tunnels, measured by various experimentors
over many years, depends solely on the free-
stream turbulence energy level and apparently
not on its frequency content. At turbulence
levels of less than 0-25 per cent, it does appear
as if a maximum transition Reynolds number
for a given tunnel can be achieved (an acoustic
phenomenon?) and further reduction in the
free-stream turbulence level would be ineffective.
The present analysis does not reflect this cutofl
phenomenon and the predictions at these low
turbulence levels must be regarded as upper
limits of the transition Reynolds number.

REFERENCES

1. S. J. KLINE, M. V. MORKOVIN, G. SOVRAN and D. J.
CockreLL (Editors), Proceedings of the AFOSR-IFP-
Stanford Conference on Turbulent Boundary Layer Pre-
diction. Stanford, California (1968).

2. A. B. TURNER, Local heat transfer measurements on a
gas turbine blade. J. Mech. Engng Sci. 13 (1) (1971).

3. J. PERsH, A procedure for calculating the boundary
layer development in the region of transition from
laminar to turbulent flow, NAVORD Report No.
4438 (1957).

4, G. S. GrusHko, Turbulent boundary layer on a flat
plate in an incompressible fluid, NASA TT F-10,080
(1965). Translation from Izv. Akad. Nak SSSR. Ser.
Mekh. No. 4, 13-23.

5. C.pu P. DONALDSON. A computer study of an analytical
model of boundary layer transition, AIAA Paper No.
68-38 (1968).

6. 1. E. BEckwitH and D. M. BUsHNELL, Calculation of
mean and fluctuating properties of the incompressible
turbulent boundary layer, in Proceedings of the AFOSR-
IFP Stanford Conference on Turbulent Boundary Layer
Prediction. Stanford, California (1968).

7. J. E. HarRIS, Numerical solution of the compressible
laminar, transitional, and turbulent boundary layer

10.

21.

22.

. G. B. SCHUBAUER and C. M. TCHEN,

H. McDONALD and R. W. FISH

equations with comparisons to experimental data,
Virginia Polytechnic Institute, Ph.D. Thesis (May 1970).

. S. DHAwAN and R. NARAsIMHA. Some properties of

boundary layer flow during the transition from laminar
to turbulent motion, J. Fluid Mech. 3, 418 (1958).
Turbulent flow
Turbulent Flows and Heat Transfer, pp. 75-195. Prmce—
ton University Press. (1969).

H. McDoNatp and F. J. CaMARATA, An extended
mixing length approach for computing the turbulent
boundary layer development. in Proceedings of the
AFOSR-IFP-Stanford Conference on Turbulent Bound-
arv Layer Prediction. Stanford, California (1968).

. A. J. Favre, The equations of compressible turbulent

gases, Annual Summary Report No. 1. Insitut de
Mecanique Statistique de la Turbulence (January 1965).

. P.BraDpsHAW and D. J. Ferris, Calculation of boundary-

layer development using the turbulent energy equation,
Part II. Compressible flow on adiabatic walls, N.P.L.
Aeronautical Report No. 1217 (November 1966).

. A. A, TownsenD. Equilibrium layers and wall turbu-

lence, J. Fluid Mech. 11, 97-120 (1961).

. M. V. MorkoviN, Effect of compressibility on turbu-

lent flows. Mecanique de la Turbulence, Colleques
Internationaux du C.N.R.S.. No. 108. p. 367 (1962).

. P. BRaDsHAW, The turbulence structure of equilibrium

boundary layers, J. Fluid Mech. 29, 625-645 (1967).

. P. GoLbBERG, Upstream history and apparent stress in

turbulent boundary layers. M.1.T. Gas Turbine Labora-
tory Report No. 85 (1966).

. E. R. vaN DRiIssT, On turbulent tlow near a wall. J.

Aeronaut. Sci. (1956).

. G. Maise and H. McDonaLD, Mixing length and eddy

kinethatic viscosity in a compressible boundary layer,
AlAA J16 (1), (1968).

. A. M. O. Smite and D. W. CLUTTER, Solution of the

incompressible laminar boundary layer equations.
AIAA J11,2062-2071 (1963).

. D. B. SPaLDING and S. V. PATANKAR, Heat and Mass

Transfer in Boundary Layers. Morgan-Grampian. Lon-
don (1967).

S. J. SHAMROTH and H. MCDONALD, An assessment of a
transitional boundary layer prediction procedure at
low hypersonic mach numbers, NASA CR 2131 (Nov-
ember 1972).

W. R. BriLEy and H. McDonNaLDp. The prediction of
transitional separation bubbles using the Navier--
Stokes equations, United Aircraft Research Laborator-
ies Report in preparation (1972).

. B. G. VAN DER HEGGE ZIINEN. Measurements of the

velocity distribution in the boundary-layer along a
plane surface, Aeronautical Laboratory Technical H.S
Delft. Report No. 6 (1924).

. W. C. REYNOLDS, W. M. Kays and S. J. KLINE, Heat

transfer in the turbulent incompressible boundary-
layer—1V. Effect of location and transition and pre-
diction of heat transfer in a known transition region.
NASA Memorandum 12-4-58W (1958).

25. ZYSINA-MoOLOZHEN and V. M. KUZNETSOVA, Investiga-

tion of transition conditions in a boundary-layer,
Teploenergetika 16 (7), 16-20 (1969).



26.

27.

28.

29.

30.

31.

32.

PRACTICAL CALCULATIONS OF TRANSITIONAL BOUNDARY LAYERS

W. C. SINcLAIR, Effects of free stream turbulence on
boundary-layer transition, 4144 J15(1),172-174(1967).

1743

schweig (1956); Jb. 1956 der Schiffbautechn. Gesell-
schaft 50, 180-203 (1951).

F. W. Bortz. G. C. KENYon and C. Q. ALLEN, The 33. B. E. LAUNDER and W. P. JoNEs, Sink flow turbulent
boundary layer transition characteristics of two bodies boundary layers, J. Fluid Mech. 38 (4), 817-831 (1969).
of revolution, a flat plate, and an unswept wing in a 34, H. J. HERRING and N. F. NORBURY, Some experiments
low turbulence wind tunnel, NASA TN D-309 (1960). on equilibrium turbulent boundary layers in favorable
H. L. DryYpEN, Transition from laminar to turbulent pressure gradient, J. Fluid Mech. 27, 541 (1967).

flow, Turbulent Flow and Heat Transfer, pp. 3-74. 35. B. E. LAUNDER and H. S. STINCHCOMBE, Non-normal
Princeton University Press, Princeton, N.J. (1959). similar boundary layers, Imperial College (London,
G. B. ScHUBAUER and H. K. SKRAMSTAD, Laminar England) Mechanical Engineering Department TWEF/
boundary-layer oscillations and transition on a flat TN/21 (1967).

plate, NACA Report 909 (1948). 36. W. P. JonEs, Strongly accelerated turbulent boundary
A. HaLL and G. S. HisLop, Experiments on the transi- layers, M.Sc. Thesis, Imperial College, London, Eng-
tion of the laminar boundary-layer on a flat plate, land (1967).

Aeronautical Research Committee of Great Britain, 37. M. A. BADRI NARAYANAN and V. JAMJEE, On the criteria
Reports and Memo, 1943 (1938). of reverse transition in a two dimensional boundary
G. B. ScHUBAUER and P. S. KLEBANOFF, Contributions layer flow, Indian Institute of Science Report AE 68
on the mechanics of boundary layer transition, NACA FMI (1968).

Report 1289 (February 1955). 38. J. L. NasH-WEBER, Wall shear stress and laminarization

E. G. FEINDT, Untersuchungen uber die Abhangigkeit
des Umschlages Laminar-turbulent von der Ober-
flachenrauhigkeit und der Druckverteilung. Diss. Braun-

in accelerated turbulent compressible boundary-layers,
M.LT. Gas Turbine Laboratory Report No. 94 (1968).

CALCULS PRATIQUES DE COUCHES LIMITES DE TRANSITION

Résumé—Une méthode générale aux différences finies pour le calcul du comportement de couches limites
compressibles bidimensionnelles est présentée avec un modéle de turbulence qui permet des estimations
quantitatives de la localisation et de 1’étendue de la région de transition entre I’écoulement laminaire et
turbulent quand elle est influencée par des perturbations telles que la rugosité superficielle et la turbulence
de I’écoulement libre. Une transition inverse, c’est-a-dire la relaminarisation causée par de grandes
accélérations favorables dans le sens de I’écoulement est aussi estimée quantitativement par cette méthode.
La résolution dépend du calcul du développement dans le sens de I’écoulement d’une longueur de mélange
par turbulence dont la grandeur est gouvernée par I’équation d’énergie cinétique de turbulence. Un
grand nombre de comparaisons entre les estimations et mesures a été fait et de fagon générale elles sont
en bon accord.

PRAKTISCHE BERECHNUNG VON UBERGANGSGRENZSCHICHTEN

Zusammenfassung—Ein allgemeines Verfahren mit finiten Differenzen zur Berechnung des Verhaltens
von kompressiblen zweidimensionalen Grenzschichten wird zusammen mit einem Turbulenz-Modell
vorgestellt. Es gestattet quantitative Voraussagen iiber den Ort und das AusmaB des Ubergangsbereiches
zwischen laminarer und turbulenter Stromung zu machen und wie diese von Stérungen wie Oberflichen-
ravhigkeit und Freistromturbulenz beeinflusst werden. Der umgekehrte Ubergang, d.h. die Riicklamina-
risierung, hervorgerufen durch grosse giinstige Beschleunigungen der Stromung, kann mittels dieses
Verfahrens auch quantitativ vorausgesagt werden. Das Losungsverfahren hangt ab von der Berechnung
der Stromungsentwicklung und von einer turbulenten Mischungslidnge, deren GréBe durch die Gleichung
fiir die kinetische Energie der Turbulenz bestimmt ist. Eine grosse Zahl von Voraussagen und Messungen
wurde verglichen und im allgemeinen eine sehr gute Ubereinstimmung festgestellt.

[NPARKTUYECKUE PACYETBI NEPEXO/HLIX INOTPAHUYHKIX CJOEB

Annoranua—IIpenmomxena mareMaTHYeCKad Mofenb TYpOyJeHTHHX TeueHMH ¥ OOmui
KOHEYHO-Pa3HOCTHBIA MeTO/ pacueTa XapaKTePUCTHK CHUMAEMBIX HBYMEPHHIX IIOIPAHMUHBIX
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CJI0€B, KOTOPLIE HO3BOIAKT KOJUYECTBEHHO PACCYNTATH TOJI0MEHNe 11 pasMepsl NepeXuHoli
O0.1aCTIL Menyly JIAMMHBPHBIM W TypOVIeHTHBIM TOTOKAMH NpH HAIUMYHY  BonaeficTis
[IEPOXOBATOCTH MOBEPXHOCTH UM TypOVJIEHTHOCTH OCHOBHOTO HOTORKa. ( 110MODIbIO DTOTO
MEeTO/3 MOMKHO TAK/Ke KOJIUYECTBOHHO pACCUMTATh OGpAaTHHIL Nepexox, T.e. peaaMuiapi-
3aLMI0  [OTOKA, BRISBLIBAEMYVIO GOIBIWNM COMYTCTBYIOMIMM VCKODEHUMEM B HAllpaBIeHUH
ABMKKHNA. UMCleHHAA NpoUeIypd 3aBUCHT OT pAacueTa pacnpefefieHUs B HalpaBJIeHNn
ABMMKEHNA JTMHLL NYTH CMeUIeHHA, BeTMYNHA KOTOPOTO OMUCLIB:ICTCA VpaBHeHUew TypOyv-
TMEHTHO!  KUHEeTHYeCKol 3Hepruu. HeogHOKRpaTHoe CpaBHEHUE pe3Yy.lLTAaTOB  pacdeTa ¢
AAHHBIMM 1I3MEepeHuil noKasail0 OveHb XOpOITee COOTBETCTRIIC COMOCTABIEHHBLIN TaHHBIX.



